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A polygonal knot is a simple closed curve in R? obtained by joining finitely many
points with line segments, called sticks. A natural question concerning a polygonal
knot is the number of sticks required for its construction. Since the polygonal
representation of knots has been considered to be a reasonable model to investigate
the knottedness of molecular chains, the number of stick is a meaningful quantity in
related topics [11]. According to the restrictions on the positions of the sticks, there
are several versions of definitions as listed below.

o stick number : s(K) = minimal number of sticks required to construct a
polygonal representation of the knot K in R3.

e lattice stick number : sp,(K) = minimal number of sticks required to construct
a polygonal representation of the knot K in the cubic lattice Z3 = (R x Z x
Z)U(Z xR XxZ)U(Z xZ xR).

e lattice edge number : er(K) = minimal number of unit length edges required
to construct a polygonal representation of the knot K in Z3.

Note that a stick consists of one or more unit length edges. For some knots, the
stick number and lattice edge number were determined. In particular, s(3;) = 6,
s(41) = 7, s(K) = 8 for any knot K of five or six crossings and s(K) > 8 for all
other non-trivial knots K [1, 9, 10]. e (31) = 24 and e, (K) > 24 for all other knots
3, 4].

In this talk we briefly introduce a recent work on knots with small lattice stick
numbers.

Theorem 1 s1,(31) = 12 and s,(K) > 14 for any other non-trivial knot K.



Theorem 2 s (K) = 14 if and only if K is 41 knot.

The theorems imply that 3; and 4; are only knots with lattice stick number up to
14. Some polygonal representations of 3; with 12 sticks and 4; with 14 sticks are
depicted in Figure 1.

To prove the theorems we need a key lemma. |P| denotes the number of sticks
of a polygon P. A stick in P which is parallel to the x-axis is called an z-stick of P,
and |P|, denotes the number of its x-sticks. Each y-stick or z-stick lies on a plane
whose z-coordinate is some integer k. This plane is called an z-level k. A polygon P
is said to be properly leveled with respect to the x-coordinate if each x-level contains
exactly two endpoints of x-sticks, and properly leveled if it is properly leveled with
respect to each coordinate. Note that a properly leveled polygon P has |P|, x-levels,
|Ply y-levels and |P|, z-levels.

Lemma 3 For a polygon P, there is a properly leveled polygon P’ equivalent to P so
that |P'| = |P| (indeed, the numbers of x, y and z-sticks have remained unchanged).

The properly leveledness induces several constraints on the number and positions
of z-sticks(also, y, z-sticks). For example, if P is a properly leveled non-trivial
polygon then |P|;, |P|, and |P|, should be at least 4, which implies sr,(31) = 12. If
|P| < 14, then (|P|s, |P|y, |P|.) is one of (4,4,4), (5,4,4), (6,4,4) and (5,5,4). The
constraints from the properly leveledness enable us to list all possible paths of the
projection of P onto one y-level. After checking each path, we can prove that only
31 or 4; are obtained from the projection. The details of the proof can be found in
[5] and [6].

L/]J
(a) (b)

Figure 1: 3; and 4; in the cubic lattice
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